Abstract. We study the structure of longest sequences in Z 
Introduction.
Many authors have studied the structure of sequences which have no zero-sum subsequences of prescribed lengths. The motivation for this study stems from problems in non-unique factorization theory. See, for example, [9] , [13] , [14] .
Let H be a finite abelian group (written additively). Then H = Z n 1 ⊕ Z n 2 ⊕ . . . ⊕ Z n d with 1 < n 1 | n 2 | . . . | n d , where n d = exp(H) =: n is the exponent of H and where d is the rank of H. When n 1 = n 2 = . . . = n d = n, we denote H by Z d n . By a sequence S = {g i } in H of length l, we mean a multi-set S whose elements are from H and the cardinality of S with multiplicity is l. We also denote l by |S|. For convenience, we write any sequence S in H of length l as S = The constant s(Z d n ) was first introduced by Harborth [16] in 1973. Using the pigeonhole principle, he proved that
for every integer l ≥ 1. But it is known that s(Z 3 3 ) = 19 = 9(3 − 1) + 1 (see [16] ), which is greater than the above lower bound. Recently, C. Elsholtz [4] proved that for every odd integer n ≥ 3, we have
In particular, s(Z 3 n ) ≥ 9(n − 1) + 1 for every odd integer n ≥ 3. In 1995, Alon and Dubiner [1] proved that
where c(d) is an absolute constant. For every integer n ≥ 2, the pair (n, 1) has Property D; this follows from the theorems of Erdős, Ginzburg and Ziv [5] (which says that s(Z n ) = 2n − 1) and Peterson and Yuster [19] (and also Bialostocki and Dierker [3] independently) (which says that any sequence T of Z n of length 2n − 2 having no zero-sum subsequences of length n is of the form a n−1 b n−1 for some a, b ∈ Z n ).
The following two conjectures imply that for any integer n ≥ 2, the pair (n, 2) has Property D. Conjecture 1.1 (Kemnitz, 1983, [17] 
Conjecture 1.1 has been proved for prime n ≤ 7. It is also known that it is "multiplicative". The best known result on Conjecture 1.1 is due to W. D. Gao [11] : For every prime p and every integer k ≥ 1, we have s(
There are many further partial results (see, for example, [2] , [6] , [7] , [17] , [20] , [21] - [23] ).
Gao [8] proved that Conjecture 1.2 is "multiplicative". Also, he verified Conjecture 1.2 for n = 2, 3 and 5. Recently, Sury and Thangadurai [21] verified it for n = 7.
Thus, for any integer n of the form n = 2 a 3 b 5 u 7 v where a, b, u, v ≥ 0, we know that, unconditionally, the pair (n, 2) has Property D. Definition 1.1 is just a generalization of the definition given in [15] for the group Z 2 n ; so is the following definition:
n with |T | = t has a non-empty short zero-sum subsequence.
It is trivial that (Z n ) = n. Also, if S is a sequence in Z n of length n − 1 with no proper zero-sum subsequence, then S = a n−1 for some a ∈ Z n . Thus, for any integer n ≥ 2, the pair (n, 1) has Property C. The constant (H) was first studied by Olson [18] and van Emde Boas [25] for H = Z 2 n ; they proved (independently) that (Z 2 n ) = 3n − 2 and van Emde Boas conjectured the following. 
n . This conjecture has been verified by van Emde Boas [25] for any prime n ≤ 7. Moreover, Gao [8] proved that Conjecture 1.3 is "multiplicative". Thus, it is true for all integers n of the form 2 a 3 u 5 v 7 w .
Clearly, from the above discussion the pairs (n, 1) and (2 a 3 u 5 v 7 w , 2) have Property C.
Similarly to the definition of s(Z d n ) and (Z d n ) we can analogously define s(H) and (H) for any finite abelian group H. Also, one can easily prove that (H) ≤ s(H) − n + 1. When H = Z n , we know from the above results that (H) = s(H) − n + 1. By Conjecture 1.1 and by the value of (Z 2 n ), we see that this equality also holds for H = Z 2 n . Gao suggested the following conjecture. Gao [12] verified Conjecture 1.4 for all groups H with exponent n ≤ 4. More precisely, he proved the following: Let S be a sequence in H of length
Then S has a zero-sum subsequence of length n.
Open Problem 1. Does every pair (n, d) of positive integers have Property C and Property D?
The main result of this paper gives a partial answer to this problem and we study the relationship between the two properties. We prove the following theorems. 
n and S does not have a zero-sum subsequence of length n. If the pair (n, d) has Property C, then
Proofs of Theorems
Proof of Theorem 1. We proceed by induction on r. The case r = 1 is just the hypothesis of the theorem.
Suppose that the assertion is true for r − 1. We want to prove that it is also true for r.
nm such that S contains no zero-sum subsequence of length nm. We have to prove that S = 
Claim 1. φ(S) contains exactly c distinct elements.
Assume that, on the contrary, φ(S) contains k > c distinct elements. 
contains a zero-sum subsequence U 2 of length n. Let V i be the subsequence of S such that φ( 
. , u, and h
distinct elements and by the induction hypothesis, it contains l − 1 + 1 disjoint zero-sum subsequences each having length n. Thus, including T, we have l + 1 disjoint zero-sum subsequences of length n; hence Subclaim 1, and therefore Claim 1, follows. 
Now we have φ(S) =
Therefore, σ(W 1 ) = σ(W 1 ) and x = y follows. Hence, W 1 = x n . Similarly one can prove that W 2 = W 3 = . . . = W q i = x n , and thus T = x t i . Since S contains no zero-sum subsequence of length nm, it follows from Claim 2 that t i ≤ nm − 1. But t 1 + . . . + t c = c(nm − 1), and we infer that Proof. Suppose that v g (S) = n − 2 for some g ∈ H. Without loss of generality, we assume that g = 0. Consider the sequence S = S(g n−2 ) −1 . Clearly, |S | = |S| − n + 2 = s(H) − n + 1. Since (H) ≤ s(H) − n + 1, one sees that S has a short zero-sum subsequence T with 2 ≤ |T | ≤ n. If we let |T | = t, then we get a zero-sum sequence T = T g n−t of S of length n, which contradicts the hypothesis. (2 a , d) has Property D for any integer a ≥ 1.
(ii) We know that s(Z 3 3 ) = 19 = 9(3 − 1) + 1. Therefore, from (2) 
. Thus to finish the proof of (ii), it is enough to show that any sequence S in . As T = 0 n−1 , this implies the assertion.
Proof of Theorem 2. (i) We know that in general s(Z
then by the result of Gao (stated just after Conjecture 1.4 in the introduction), S has a zerosum subsequence of length n, which is impossible by hypothesis. Therefore,
(ii) As (n, d) has Property C, we know that 
b i , which is a subsequence of S − a.
In order to prove this part of the theorem, we shall show that when s = n − 1, the sequence S − a is of the form 0 n−1 c−1 i=1 a
When s < n − 1, we will produce a zero-sum subsequence of S − a of length n, so that this case cannot happen. Otherwise, T together with n − |T | zeros would produce a zero-sum subsequence of length n, contrary to assumption.
Since |S * | ≥ (c − 1)(n − 1) + 1, we can fix T as above of maximal length. Now, the deleted sequence S * T −1 has length c(n−1)−(s+t) ≥ (c−1)(n−1). Since there is no subsequence R of S * T −1 of the form a n−1 for any a ∈ Z d n , and (n, d) has Property C, there exists a short zero-sum subsequence K of Now, multiplying (4) by 2, we get 2s ≤ 2n−2−2|T |. If we add (5) and (6), we obtain 2|T | ≥ n + 1. Combining these two results gives 2s ≤ 2n − 2 − 2|T | ≤ n − 3, which is a contradiction.
Remarks. It would be interesting to prove the following generalization of Theorem 1. Suppose the pairs (n, r) and (m, r) have Property D and s(Z r mn ) ≡ 1 (mod mn − 1). Then (nm, r) has Property D.
